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A. Introduction
The wide range of instructional methods is almost incomprehensible. The associated
literature describes a broad spectrum of instructional methods ranging from methods of 
conveying and acquiring knowledge to management methods for games, movement, emotions, 
groups, health, violence and conflicts. Answers to the questions of which instructional methods 
are suitable for school, what instructional methods should be applied in teaching individual 
subjects and how instructional methods support the act of learning represent challenges to 
general education and education in individual subjects. 
A robust theory to instructional methods for mathematics education is missing (Hiebert & 
Grouws, 2007), which gives answers to the questions: (1) which teaching instructional methods 
should be used in mathematics education, (2) in what way do teaching methods in mathematics 
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Abstract 
Answers to the questions of which instructional methods are suitable for school, what 
instructional methods should be applied in teaching individual subjects and how 
instructional methods support the act of learning represent challenges to general 
education and education in individual subjects. This article focuses on the empirical 
examination of instructional methods supporting knowledge processes in the act of 
learning. A survey was conducted in which mathematics teachers evaluated 20 
instructional methods in regard to the following knowledge processes: build, process, 
apply, transfer, assess and integrate. The results of the study demonstrate that certain 
instructional methods are especially predestined for mathematics education: problem-
based learning, direct instruction, learning at stations, learning tasks, project work and 
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 education support the learning process, and (3) which instructional methods are particularly 
suitable for which mathematical learning objects. 
In view of the fact that there is little empirical material to date on instructional methods in 
mathematics education, three objectives have been at the forefront of the interest of a research 
project at the Institute of Mathematics and Computer Science of the University of Education 
Ludwigsburg: (1) An inventory of mathematics  instructional methods: What instructional 
methods are currently in use in mathematics education?, (2) Instructional methods for the 
subject of mathematics: What instructional methods are appropriate for mathematics 
education?, and (3) specific application of instructional methods for the subject of mathematics: 
To what degree do instructional methods support the act of learning in mathematics education? 
The following research hypothesis is linked with these three objectives: “Instructional 
methods for the subject of mathematics differ in supporting the act of learning”. 
 
B. Literature Review 
1. Iinstructional Methods 
Gugel (2011) cites more than 2,000 methods including their variations. The Internet 
provides well-prepared monographs of instructional methods, e.g. from The Center for Teaching 
and Learning (2015) cites 150 instructional method. 
For mathematics education a number of good standard reference work is available which 
addresses the application of instructional methods (Zech, 1998; Heddens, Speer, & Brahier, 
2008; Kidwell, & Ackerberg-Hastings, 2008; Barzel, Büchter, & Leuders, 2011; Reiss & Hammer; 
2014; Cruickshank, Jenkins, Metcalf, 2011; Li, Silver, & Li, 2014; Ufer, Heinze, & Lipowsky, 
2015). 
Meyer (2002) is a source of a very general definition stating that instructional methods are 
the forms and procedures with which teachers and school pupils appropriate the natural and 
social reality surrounding them while observing the institutional framework conditions of the 
school. A stricter definition of method (than the one formulated above) which also represents 
the conceptual starting point for this article comes from Huber and Hader-Popp (2007): “The 
word method is understood to mean a clearly defined, conceptually perceivable and 
independent, if also integrated, component of teaching.” (Huber & Hader-Popp, 2007, p. 3).  
 
2. The Effectiveness Of Teaching Methods 
Hattie (2009, chapter 9 and 10) informs about empirical results on the effectiveness of 
teaching methods in general. High effect sizes (d > .50) were demonstrated for microteaching (d 
= .88), reciprocal teaching (d = .74), feedback (d = .73), problem solving (d = .61), direct 
instruction (d = .59), mastery learning (d = .58), case study (d = .57), concept mapping (d = .57), 
peer tutoring (d = .55), cooperative (vs. competitive) learning (d = .54), and interactive 
instructional videos (d = .52).  The empirical results presented by Hattie are kept very general 
and cannot be concretized for individual subjects. Particularly, for mathematics education 
empirical findings are lacking on the c with respect to the act of learning. 
The search through the magazines and conference reports on mathematics education shows 
that empirical studies on the effectiveness of instructional methods are rare. Current work 
provided findings related to direct instruction  (Mainali, & Heck , 2015), comparisons of 
instructional methods (Code, Piccolo, & Kohler, 2014), problem-based learning (Karp, 2010; 
Schukajlow, Leiss, Pekrun, Blum, Müller, &  Messner, 2012). Recently, Zendler, Seitz, and Klaudt 
(2018a, b) publish a validation study and a cross-contextual study on instructional methods in 
STEM subjects. 
However, a variety of teaching examples with methodical focus are included in practice-
oriented journals on mathematics education: e.g. The Mathematics Educator, The Mathematics 
Enthusiast, Mathematics Teaching, Praxis der Mathematik in der Schule. Zendler, Seitz, and 
Klaudt (2016) describe implementation steps for 20 different instructional methods (see 
Appendix A-1) and specify references which exemplify the instructional  methods in 
mathematics classrooms. 
 Many theoretical learning/teaching approaches make a distinction between 
phases/processes/cycles for which instructional methodology aids are formulated; overviews 
of such are provided by Tennyson et al. (1997) and Petrina (2006). For instance, Merill (2002) 
suggests that the most effective learning environments are those that are problem-based and 
involve the student in four distinct phases of learning: (1) activation of prior experience, (2) 
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demonstration of skills, (3) application of skills, and (4) integration or these skills into real 
world activities.  
The theory from Collins et al. (1989), which has situated learning at its core, reveals four 
main phases:  modeling, scaffolding, fading, and coaching.  Cognitive oriented approaches 
(Bruner, 1966; Gagné et al., 2004) link instruction to the acquisition and processing of 
knowledge.  They emphasize three (cognitive/knowledge) processes in the act of learning: 
acquisition of new information, transformation (manipulating knowledge to make it fit new tasks), 
evaluation (checking whether the way we have manipulated information is adequate to the task) 
(see Bruner, 1966, p. 48; Merriam & Caffarella, 2006, p. 46; Gowda, 2010)  
 
C. Methodology 
1. Research Design 
Selection of instructional methods. The review of a series of instructional methods manuals 
(Ginnis 2001; Petrina 2006; Davis 2009; Joyce & Weil 2008; Peterßen 2009; Petty 2009; 
Brenner & Brenner 2011; Wiechmann 2011; Cruickshank et al. 2011) revealed more than 50 
instructional methods to choose from. The review was characterized by the requirement that 
instructional methods had to pass the muster as being capable of being understood as clearly 
defined, conceptually perceivable and independent components of the instruction. 
The following criteria were applied for the final selection of the instructional methods: (1) 
The actual application of the instructional methods in mathematics education, (2) the 
application of the instructional methods in STEM subjects (sciences, technology, engineering, 
mathematics) and (3) empirically examined instructional methods. The following 20 
instructional methods (in alphabetical order) were able to be selected on the basis of these 
criteria. 
Case study, computer simulation, concept mapping, direct instruction, discovery learning, 
experiment, jigsaw method, learning at stations, learning by teaching, learning tasks, Leittext 
method, models method, portfolio method, presentation, problem-based learning, programmed 
instruction, project work, reciprocal teaching, role-play, and web quest (see Appendix A-1 
Instructional Methods). 
Processes involved in the act of learning. The educational literature knows numerous 
variations relating teaching to learning as an act spread over time and to phases which can be 
distinguished during the course of learning (Bruner 1966; Petrina 2006; Olson 2007; Davis 
2009). What all of the variations have in common is that learning (1) has a starting point, (2) a 
sequential form and (3) a (generally preliminary) end point. Educational literature describes 
this as the classic three-step pattern divided into the steps labeled entry, work phase and 
graduation. These three steps have particularly large distinctions in their educational functions 
and in the knowledge processes of the act of learning. Particularly in the work phase, important 
knowledge processes (Bruner 1966; Merriam and Caffarella, 2006; Gowda 2010) can be 
distinguished in the act of learning. This indicates the processes in the acquisition of knowledge 
(build, process), in the transformation of knowledge (apply, transfer) and in the evaluation of 
knowledge (assess, integrate) (see Appendix A-2 Knowledge processes). 
Experimental design. An RBF-20×6 experimental design (Randomized Block Factorial design, 
2-factor design with repeated measures, see Figure 1) is used to test the research hypothesis 
(Winer, Brown, & Michels, 1991; Kirk 2012). 
Independent variables. Factor A comprises the p = 20 instructional methods with factor levels 
a1, ..., a20: case study, computer simulation,  concept mapping,  direct instruction,  discovery 
learning, experiment, jigsaw method, learning at stations, learning by teaching, learning 
tasks, Leittext method, portfolio method, presentation, problem-based learning, programmed 
instruction, project work, reciprocal teaching, role-play, and  web quest. Factor B represents the 
q = 6 knowledge processes with factor levels b1, ..., b6: build, process, apply, transfer, assess and 
integrate. 
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Figure 1.  Layout of the used RBF-20×6 experimental design. 
 
Dependent variables. The dependent variable was the respondents´ evaluation of the 
instructional methods with respect to the six knowledge processes. Ratings were given on a six-
point scale with ratings ranging from 0 (“not significant”) to 5 (“very significant”). 
Power analysis The sample size for the RBF-20×6 experimental design (Mueller & Barton 
1989; Mueller et al. 1992) is determined with a type II power analysis – N as a function of power 
(1-),  and  . The desired power (1-) is 0.80, and only large effects ( = 0.80) in relation to 
the dependent variable are classified as significant; the significance level is  = 0.05. Then a total 
sample of approximately *N = 120 mathematics teachers is needed, based on the power 
calculations by Mueller and Barton (1989), respectively, by Mueller, LaVange, Ramey and 
Ramey (1992) for ε-corrected F-Tests. 
 Operational test hypothesis. Given the study design and the above specification of the 
independent and dependent variables, the operational hypothesis of the study can be 
formulated as follows: 
"Instructional methods for the subject of mathematics differ in supporting the act of learning, 
as operationalized by mathematics teachers´ ratings on a six-point scale of the knowledge 
processes build, process, apply, transfer, assess and integrate.” 
 
2. Instruments 
Sample. For the empirical study, a total of 120 mathematics teachers working at secondary 
schools in the German State of Baden-Württemberg were contacted in writing and asked to fill 
out a questionnaire on the application of instructional methods in mathematics education. The 
mathematics teachers who completed and returned the questionnaire taught mathematics in 
the grade levels 5 through 12/13. On average they had taught mathematics for more than 10 
years; in addition to teaching mathematics, all of the mathematics teachers also taught a STEM 
subject. 
Questionnaire. The questionnaire consisted of a short introduction listing the 20 instructional 
methods and the 6 knowledge processes. The questionnaire was accompanied by a booklet 
(Zendler, Seitz, & Klaudt, 2016) for the mathematics teachers describing the 20 instructional 
methods in accordance with a uniform scheme containing (1) a brief description and 
explanation, (2) concrete execution steps, (3) and examples from the relevant literature 
verifying the application of the instructional method in mathematics education. 
Tasks. The p =20 instructional methods and the q = 6 knowledge processes were then 
presented in alphabetical order in a matrix with the instructional methods in the rows and the 
knowledge processes in the columns. Participants were asked to indicate the relevance of each 
of the 20 × 6 = 120 matrix cells: Each cell represents a combination of an instructional method 
and a knowledge process and requires an integer from 0 (“not significant”) to 5 (“very 
significant”) indicating the relevance of the combination (see Appendix A-3 Questionnaire). 
Return rate. To maximize the return rate, we mailed the questionnaire in sealed, 
personalized envelopes enclosing a pre-addressed return envelope franked with stamps 
showing flower designs (see Dillman, 2000 for recommendations on increasing return rates). 
The return rate was 24,2 % (N =29 completed questionnaires of 40 received questionnaires), 
which can be regarded as a normal rate for surveys conducted by post (cf. Vaux & Briggs, 2005). 
 
3. Technique of Data Analysis 
The following procedure is recommended for the analysis of the experimental data (original 
data, see Appendix D. Data): (1) The data are initially analyzed descriptively. (2) Then a two-
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factor analysis of variance (ANOVA) with repeated measures was conducted in accordance with 
the RBF-20×6 experimental design (see Winer et al. 1991, Chapter 7). (3) Finally, a cluster 
analysis is calculated aimed at identifying groups of instructional methods which can be 
characterized by their support of similar knowledge processes in the act of learning. 
The data on the RBF-20×6 experimental design were analyzed using IBM SPSS Statistics 22.0; 
the power analysis was calculated using PASS 13. 
 
D. Findings and Discussion 
1. Findings 
1.1 Descriptive Findings 
The heat map seen in Figure 2 contains means visualized for the 20 instructional methods in 
relation to the six cognitive/knowledge processes processes: build, process, apply, transfer, 
assess, and integrate. The figure also contains the grand means (N = 29) per instructional 
method. The instructional methods are sorted in accordance with these grand means. 
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Figure 2. Means visualized for the cognitive/knowledge processes 
 
Figure 2 shows initially that problem-based learning was assessed by the mathematics 
teachers as the best method for supporting the act of learning in mathematics education; this 
method is followed by five additional instructional methods: direct instruction, learning (at) 
stations, learning tasks, project work and discovery learning. 
In a more detailed observation the heat map reveals that problem-based learning is 
distinguished by high values (> 3.00) for all knowledge processes. The instructional method 
direct instruction is characterized by a very high value (> 4.00) for the knowledge process build. 
The instructional method learning (at) stations is characterized for the knowledge processes of 
process and apply build. The learning tasks  instructional  method demonstrates high values for 
the knowledge process of process and apply. The project work  instructional method is 
characterized by high values for the three knowledge processes of process, apply and transfer. 
The following instructional methods had relatively low values in all of the knowledge 
processes (< 3.00): models method, programmed instruction, computer simulation and concept 
mapping. The portfolio method, case study, Leittext method, Web quest, role-play and reciprocal 
teaching were rated as relatively poor (< 2.50) in all of the knowledge processes. 
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 1.2 Analysis of Variance 
      To examine whether the combinations of instructional methods and knowledge processes 
within the act of learning differ, three statistical hypotheses are formulated which are tested at 
the significance level of α = 0.05. 
Statistical hypotheses. The three null hypotheses are as follows:  
i)  the means of the instructional methods µ1, µ2, ..., µ20 under the 20 levels of factor A  are 
equal, i.e.: 
H0: µ1  = µ2  = ... =  µ20     (H1: µ1  ≠ µ2  ≠ ... ≠  µ20); 
ii)  the means of the knowledge processes in the act of learning µ1, µ2, ..., µ6 under the 6 levels of 
factor B  are equal, i.e.: 
H0: µ1  = µ2  = ... =  µ6     (H1: µ1  ≠ µ2  ≠ ... ≠  µ6); 
iii)  the means of the instructional methods with respect to the knowledge processes µ1×1, µ1×2, ..., 
µ20×6 under the 20 × 6 levels of the factor combinations  A × B are equal, i.e.: 
H0: µ1×1  = µ1×2  = ... =  µ20×6      (H1: : µ1×1  ≠ µ1×2  ≠ ... ≠  µ20×6). 
 Testing the statistical assumptions. For an analysis of variance of an RBF-20×6 experimental 
design, the data must satisfy the condition of sphericity. This assumption was tested using 
Mauchly’s W test for sphericity, with the test statistic W being compared to a chi-square 
distribution to assess the adequacy of the sphericity.  
 The assumption of sphericity must be discarded both for the instructional methods (W < 
0.001, χ2189  = 365.51, p < 0.001) and also for the processes of the acquisition of knowledge  (W = 
0.116, χ214  = 45.53, p < 0.001) at the α-level of 0.05. In the further analysis, we therefore applied 
the ε-correction of degrees of freedom proposed by Huynh and Feldt (1976). 
Findinge. Table 1 contains the results of the ANOVA with the ε-correction of the degrees of 
freedom. 
Table 1. ANOVA with Huynh-Feldt ε-corrections of the degrees of freedom 
Source of variation (within) SS        df      MS     F   p η2 
A (instructional methods) 1024.01 9.18 111.59 10.32 < .001 .269 
error  (A) 2777.39 256.93 10.81    
B (knowledge processes) 156.29 4.19 37.28 9.71 < .001 .257 
error (B) 450.78 117.38 3.84    
A × B 448.45 34.07 13.16 4.64 < .001 .142 
error (A × B) 2707.15 953.84 2.83    
 The main effect A (instructional methods) is significant (F9.18, 256.93 = 10.32, p < 0.001) at the α-
level of 0.05, i.e., the corresponding H0 is rejected: the instructional methods differ from one 
another. 
 The main effect B (knowledge processes) is significant (F4.19, 117.38= 9.71, p < 0.001) at the α-
level of 0.05, i.e., the corresponding H0 is rejected: the knowledge processes differ from one 
another. 
 The interaction effect A × B (instructional methods × knowledge processes) is significant 
(F34.07, 953.84 = 4.64, p < 0.001) at the α-level of 0.05, i.e., the corresponding H0 is rejected: the 
instructional methods differ from one another with respect to knowledge processes. 
 
1.3 Cluster Analysis 
       The alphabetically sorted 20 × 6 data matrix (see Appendix D. Data) with the means of the 
instructional methods in regard to the knowledge processes is taken as the data basis for the 
cluster analysis. The cluster analysis has been done using the method of Ward (1963) with 
squared Euclidean distance as distance measure (Everitt et al., 2001) For the termination of the 
algorithm, the C-Index (Hubert & Levin, 1976) has been taken into consideration (this is 
visualized as “cut” in the following figure). 
Figure 3 shows the results of the cluster analysis for the instructional methods. The 
dendrogram reveals that seven clusters with instructional methods emerged. Cluster 1, 2, 3, and 
4 contain instructional methods with (relatively) high values for many knowledge processes. 
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Cluster 5, 6, and 7 contain instructional methods with (relatively) low values for many 
knowledge processes. 
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Figure 3. Dendrogram and clusters of instructional methods (N = 29) 
 Cluster 1. This cluster contains the two instructional methods problem-based learning und 
project work. They are characterized by similarily high values for the knowledge processes 
apply und transfer. From the dendrogram and the heatmap it is obvious that this cluster is not 
homogeneous as shown by the relative similarity index. Moreover, the dendrogram shows that 
these instructional methods cannot be merged with other instructional methods due to the 
value for the C-index (see “Cut” in Figure 3). 
 Cluster 2. This cluster consists of the two instructional methods of direct instruction and 
discovery learning. These methods are characterized by values that are similarily high in regard 
to the knowledge processes apply, transfer, assess, and integrate. 
 Cluster 3. This cluster contains the two instructional methods Learning tasks and learning at 
stations. These are characterized by similarily high values for the knowledge processes build, 
process, apply, and transfer. 
Cluster 4. This cluster consists of four instructional methods: Learning by teaching, jigsaw, 
presentation, and experiment. Whereas learning by teaching and jigsaw are characterized by 
similar values with respect to the knowledge processes of process and apply, presentation and 
Experiment are characterized by similar values for the knowledge processes of build, process, 
and transfer. 
Cluster 5. This cluster comprises four instructional methods: Concept mapping, models 
method, case study, and portfolio method. The last-mentioned instructional methods case study 
and portfolio method have very similar values with respect to all knowledge processes. The two 
other instructional methods are assigned to this cluster consecutively: first the model method, 
then concept mapping. 
 Cluster 6. This cluster contains the two instructional methods Programmed instruction and 
computer simulation. They are characterized by many similar values for most of the knowledge 
processes (see the data in Appendix A-4). 
 Cluster 7. This cluster consists of two very homogeneous sub clusters with the instructional 
methods Leittext method and Web quest as well as role-play and reciprocal teaching, 
respectively. The four instructional methods have (very) low values for almost all knowledge 
processes. The instructional methods in the second sub cluster show very low, but similar 
values. 
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 2. Discussion 
It must first be noted that the findings support the research hypothesis formulated in this 
paper’s Introduction that instructional methods for the subject of mathematics differ in 
supporting the act of learning. 
In the opinions of the mathematics teachers, problem-based learning seems to perform best 
in relation to almost all of the knowledge processes. Direct instruction is best suited for the 
knowledge processes of build; moreover, it is appropriate for the knowledge process of process. 
Learning at stations and learning tasks are useful for two knowledge processes (process, apply). 
Project work is the instructional method that is suitable for the knowledge processes of process, 
apply and transfer. The instructional models discovery learning and learning by teaching 
method can be used with respect to four and five knowledge process, respectively. In addition, 
the instructional methods jigsaw, presentation and experiment are useful in relation to at least 
two knowledge processes. The instructional methods that are unsuitable for mathematics 
education are case study, portfolio method, Leittext method, role-play, and reciprocal teaching. 
Conversely, these findings also answer the question regarding what knowledge processes are 
adequately supported by which instructional method. It must first be noted that the knowledge 
processes in the act of learning are supported by the instructional methods in wholly different 
ways. The knowledge process build is supported by the instructional methods problem-based 
learning, direct instruction, learning at stations, learning tasks and project work. The situation is 
similar for the knowledge process of process which is positively influenced by the instructional 
methods problem-based learning, direct instruction, learning at stations, learning tasks, and 
project work. The knowledge processes apply and transfer are supported in particular when the 
instructional methods problem-based learning, direct instruction, learning at stations, learning 
tasks, and project work are applied. The knowledge processes assess and integrate are 
supported by problem-based learning, by the instructional methods learning tasks, project 
work, and concept mapping. 
The first four knowledge processes (build, process, apply, transfer) receive significantly 
greater support from the instructional methods than the last two knowledge processes (assess, 
integrate). The knowledge processes assess and integrate are only relatively well supported by 
one instructional method: problem-based learning. 
 
E. Conclusion 
Based on the opinions of the mathematics teachers, the following recommendations can be 
expressed for the application of instructional methods in mathematics education: (1) For the 
knowledge process of build direct instruction should be used in combination with problem-
based learning and augmented by learning tasks in order to initiate the knowledge process of 
process. (2) For the knowledge process of apply, earning tasks, learning at stations, and project 
work should be used.(3) For the knowledge process of apply,  problem-based learning should be 
used in combination with learning tasks, learning at stations, and project work. (4) To support 
the knowledge processes of transfer, assess and integrate, problem-based learning should be 
used and supported by learning tasks. (5) To introduce diversity into mathematics education 
and to increase the motivation of the learners it is recommended to use instructional methods 
in a substituting role to the extent that they support similar knowledge processes. It can for 
instance be derived from the cluster analysis and the heat map that learning tasks and learning 
at stations are similar in their relation to the knowledge processes, as are – to some extent– 
earning by teaching and jigsaw in their relation to the knowledge processes build, process and 
apply. 
The findings determined in this examination on the application of instructional methods in 
mathematics  education confirm the recommendations made in standard works on the subject 
of mathematics education. This applies for the instructional methods problem-based learning, 
learning tasks, learning (at) stations, and  project work (cf. Zech, 1998; Reiss & Hammer, 2013; 
Barzel, Büchter, & Leuders, 2011; Heddens, Speer, &  Brahier, 2008; Kidwell & Ackerberg-
Hastings; Li, Silver, & Li, 2014). In contrast, the positive findings cited by the literature on the 
instructional method of programmed instruction, models method, and portfolio method are not 
applicable. 
The data from mathematics teachers who teach at secondary schools was able to be included 
in the study. In order to verify and validate the results of these findings an examination should 
take place in authentic teaching and learning settings, and should not be based on subjective 
opinions. Instructional methods assessed in this study as being very unfavorable for 
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mathematics education such as reciprocal teaching, role-play, Web quest and the Leittext 
method (Leittext method) do not need to be observed further. 
Moreover, the findings in this study showed that the knowledge processes assess and 
integrate are only adequately supported by one instructional method, namely problem-based 
learning. As such, the field of developing methods for mathematics education is faced with the 
task of developing instructional methods which support these knowledge processes in the act of 
learning. In the authors’ opinion, the starting point for the development of such instructional 
methods can be found within the context of competence-based learning tasks and in cross-
curricular instruction. 
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